MINIMALISTIC PRESENTATION AND COIDEAL STRUCTURE
OF TWISTED YANGIANS
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AssTrACT. We introduce a minimalistic presentation for the twisted Yangian *Y associated with split symmetric
pairs (or Satake diagrams) introduced in [LWZ25b] via a Drinfeld type presentation. As applications, we
establish an injective algebra homomorphism from Y to the Yangian Y, thereby identifying *Y as a right coideal
subalgebra of Y and proving its isomorphism with the twisted Yangian in the J presentation. Furthermore, we
provide estimates for the Drinfeld generators of *Y and describe their coproduct images in terms of the Drinfeld
generators of Y under this identification.
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1. INTRODUCTION

1.1. Background. Yangians for gl first appeared in mathematical physics in the work of St. Petersburg
school in the late 1970s and early 1980s concerning the quantum inverse scattering method. Yangians
associated with simple Lie algebras were introduced by Drinfeld [Dri85] in the 1980s as a new class of
quantum groups, arising naturally in the study of the Yang—Baxter equation and quantum integrable systems.
The term “Yangian” was introduced by Drinfeld in honor of C.N. Yang, who found the first nontrivial
solution to Yang—Baxter equation. Yangians provide deep algebraic insights into representation theory,
quantum integrable models, and symmetries in field theory, while their connections with geometry and
combinatorics continue to inspire developments across several areas of mathematics.

Twisted Yangians are first introduced by Olshanski [Ols92] for symmetric pairs of types Al and All via the
R-matrix presentation. These twisted Yangians are closely related to classical Lie algebras of types BCD and
their representations [MNO96, Mol07]. Later, the R-matrix construction of twisted Yangians was extended
to symmetric pairs of type Alll [MRO02] and to symmetric pairs of many classical types [GR16]. These
algebras admit two complementary descriptions: on one hand, as abstract algebras governed by the reflection
equation [Che84, Sk188] together with additional constraints such as symmetry and unitary relations, and on
the other hand, as coideal subalgebras inside the corresponding Yangians. Additionally, another family of
twisted Yangians associated to arbitrary symmetric pairs was uniformly constructed in terms of Drinfeld’s
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J presentation [Mac02], arising as boundary remnants of Yangians in 141-dimensional integrable field
theories. Moreover, these algebras provide a homogeneous quantization of a Lie coideal structure for twisted
current algebras of simple Lie algebras [BR17]. These two family of twisted Yangians play a central role
in quantum integrable systems with boundaries, integrable field theory, and AdS/CFT correspondence, see
[Skl188, Mac05, Reg24], and they also serve as key ingredients in the study of fixed-point loci of quiver
varieties [Li19,Nak25] and affine Grassmannian slices [LWW25].

Recently, a Drinfeld type presentation of the twisted Yangian of type Al (split type A) has been constructed
in [LWZ25a] by applying Gauss decomposition to twisted Yangians in R-matrix presentation; such Drinfeld
type presentations have been extended to twisted Yangians of all split types [LWZ25b] and then to all quasi-
split types [LZ24], by means of a degeneration procedure applied to the corresponding Drinfeld presentations
of (quasi-)split affine :quantum groups [LW21, LWZ24,7Zha22]. However, an explicit identification of the
twisted Yangians in R-matrix and Drinfeld presentations has been established only for (quasi-)split type A.

The Drinfeld presentation of twisted Yangians has proved to be a powerful tool, with applications to diverse
areas including the study of Slodowy slices in classical Lie algebras [TT24], finite WW-algebras of classical
types [LPT"25], the geometry of the affine Grassmannian [LWW25] (see also [BPT25] for type Al), and
Coulomb branches of 3-dimensional N = 4 gauge theories [SSX25].

1.2. The problems. Let g be a finite-dimensional simple complex Lie algebra. Let Y, Y,, and Yg be the
corresponding Yangians in Drinfeld, J, R-matrix presentations, respectively. Let *Y, 'Y,, and *Yx be the
twisted Yangians associated to split type Satake diagrams (coincide with Dynkin diagrams) in Drinfeld, J,
and R-matrix presentations, respectively.

The equivalence between Y and Y, is established in [Dri87a, GRW19] for all simple Lie algebras while
isomorphisms between Y, and Yy are obtained in [Wen18]. Explicit isomorphisms between Y and Yz are
established in [BKOS5] for type A and in [JLM18, GRW19] for types BCD.

It is a natural and important question to establish equivalence between twisted Yangians in different
presentations. The recipe to establish the isomorphism between 'Y, and ‘Y (classical type from [Ols92,
MRO02,GR16]) is more or less clear, see [CGM 14, Corollary 3.19] for the case of type Alll and cf. [Kol14, §11]
for affine 2quantum groups of types Al and All. Note that both *J, and *J are subalgebras of J. One can show
that *Y, is contained in *Yx by checking the generators of *Y, are in "Yx, and hence they must equal as their
associated graded are equal. Alternatively, both 'Y, and *Yx are coideal subalgebras of Y and homogeneous
quantizations of a Lie coideal structure for the twisted current algebras, see [GR16, §3.5]. Thus it follows
from a uniqueness of homogeneous quantization result for symmetric pairs from [BR17] that 'Y, and *Yx are
isomorphic.

In this paper, we focus on twisted Yangians ‘Y and 'Y, in Drinfeld and J presentations. The goal of this
paper is to address the following questions,

(1) identify twisted Yangian *Y in Drinfeld presentation as a coideal subalgebra of Yangian Y,

(2) relate twisted Yangians 'Y and *Y, in Drinfeld and J presentations,

(3) approximately express Drinfeld generators of twisted Yangians in terms of Drinfeld generators of
Yangians,

(4) and estimate the coproduct of Drinfeld generators of twisted Yangians in terms of Drinfeld generators
of Yangians.

Let us explain the main results of the paper in more detail.

1.3. Minimalistic presentation. To realize the twisted Yangian *Y in Drinfeld presentation as a subalgebra
of the Yangian Y, we construct an injective algebra homomorphism from *Y to Y. Verifying that this map
preserves all defining relations of *Y is typically highly nontrivial. This obstacle can, however, be resolved
by employing a minimalistic presentation in the sense of [Lev93, GNW18].

Roughly speaking, a minimalistic presentation for Yangian Y can be obtained as follows. Let ; , and :U;t,,
for 7 € [ and r € N be the Drinfeld generators of Y with its defining relations, where the subindex r can be
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understood as the degree of the correspondmg generators. Itis well known that Y is generated by the degree-0
and degree-1 elements &; , and x , fors € T'and r = 0, 1. Then one only takes a subset of defining relations
involving only these elements as the defining relations for the minimalistic presentation. It turns out the
algebra defined by the minimalistic presentation is isomorphic to the Yangian [Lev93, GNW18]. Note that
for the special rank 1 case, an extra relation [@-,1, [x;fl, :zz_l]] = ( should also be included, see [GNW 18, §2]
for discussions. This relation was included in [Lev93] for all types but turns out to be redundant except for
type A1.

Such a minimalistic presentation involves only finitely many generators and significantly fewer relations,
making it easier to verify than the original definition and thereby highly useful for applications. For example,
it has been employed to construct an explicit isomorphism between the Drinfeld and J presentations of
Yangians [GRW19], as well as to define a coproduct structure for Yangians associated with Kac—Moody
algebras [GNW18].

It is natural to expect that a similar minimalistic presentation also exists for twisted Yangians. Our first
main result addresses this question affirmatively.

Let h; 2741, b; » for i € Tand r € N be the Drinfeld generators of the twisted Yangian ‘Y with the defining
relations (2.27)—(2.33). Then *Y is generated by the elements h; 1, b; o for i € I, see Lemma 2.8.

Theorem A (Theorem 3.1). The twisted Yangian *Y is isomorphic to the algebra generated by h; 1, b; o, b; 1
for i € 1 subject to only the relations (3.1)—(3.3) together with the finite Serre type relations (2.30)—(2.33). If
g is of type A1, Bo = Co, or Go, then an additional relation (3.4) should be included for any single i € 1.

The extra relation (3.4) for *Y is analogous to the relation [&-71, [a:;rl, :L‘;l]] = 0 for Y, which seems to
be necessary when the rank is very small. More precisely, when there are at least two nodes in the Dynkin
diagram, then the relation [éi,l, [x;fl, a;z_ 1]] = 0 for Y can be deduced from other relations in the minimalistic
presentation. A similar situation happens when there is a subdiagram of type A, in the Dynkin diagram for
the case of twisted Yangians (cf. Lemma 3.9).

Recently, a completely different Drinfeld presentation of twisted Yangian of split type Ag, is given in
[HU25], where a corresponding minimalistic presentation is also introduced. We expect their presentation is
related to the parabolic presentation in [LPT*25] with the matrix chosen and the composition (2").

1.4. Embedding into Yangians. Twisted Yangian 'Y, associated to arbitrary symmetric pairs was introduced
in [Mac02] as a coideal subalgebra of Yangian in .J presentation. The same family of twisted Yangians are also
obtained via a homogeneous quantization of a Lie coideal structure for twisted current algebras in [BR17],
where the generators and defining relations analogous to [Dri85, Theorem 2] are explicitly described.

It is important to understand if the twisted Yangians in Drinfeld presentations are coideal subalgebras of
Yangians and how twisted Yangians in Drinfeld presentations from [LWZ25b] and in J presentations from
[Mac02, BR17] are related. Our second main result is to address this question with the help of Theorem A.

Theorem B (Theorem 4.1). Let g be a simple Lie algebra except for type Go. The map  defined by

bi,O — :E:r — l‘;,
hin e 261 — 6+ > (eyaq)(@h)?, (1.1)
acdt
bi = 95:1 +x+ 3 Z {lz77 28l } — 5{a7 . &) (1.2)
acdt

induces an algebra monomorphism from 'Y to Y, which identifies *Y as a right coideal subalgebra of Y. In
particular, 'y is isomorphic to the twisted Yangian 'Y, in J presentation.

The key part of Theorem B is to verify that ¢ induces an algebra homomorphism, which relies on Theorem
A.In general the extra relation (3.4) is complicated to verify, cf. [GRW19, Appendix] where the relation
[& 1, [z i1 T 1]] = 0 is verified for Yangian of g = sl in terms of J presentation. For split type A;, we
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shall use the explicit isomorphism between twisted Yangians in R-matrix and Drinfeld presentations from
[LWZ25a], see Appendix A.l1. The case of type Bo = Cy can be attacked similarly using the R-matrix
presentation by verifying the extra relation (3.4), see Appendix A.2 for more detail.

Another main challenge of Theorem B is to find the explicit correspondence for h; 1, b; 1 in (1.1)—(1.2).
Remarkably, these formulas are surprisingly similar to the correspondence between Yangians in Drinfeld and

J presentations,

J(&) = &1 — 38 +1 Y (e el g}, (1.3)
acdt
J( F%akl 4 E: { i a x$} {xf7&}7
acdt

see [Dri87a, Theorem 1] and [GRW19, Theorem 2.16]. For instance, changing z_, to :c;j in the LHS of (1.3)
and multiplying the expression by two, one obtains the RHS of (1.1).

A different notion of “twisted Yangians” is introduced in [LWW25, Definition 6.15] in connection with
quantization of loop symmetric space via quantum duality principle [Dri87b, Gav02]. Theorem B gives an
answer to the first two questions listed in §1.2 and proves a conjecture raised in [LWW25, Remark 6.23] that
the split twisted Yangians in Drinfeld presentations are “twisted Yangians” in the sense of [LW W25, Definition
6.15].

1.5. Estimates of generators. Finally, let us approximately express the Drinfeld generators h; 2,41, b; - for
‘Y and their images under the coproduct for Y in terms of the Drinfeld generators §; ,, x;-'; for Y. Denote by
@ the root lattice of g and () the subset of N-linear combinations of simple roots (excluding zero weight).
It is well known that the Yangian Y is ()-graded. For a subset S C (), denote Ys the subspace of Y spanned
by homogeneous elements of degree in S.

Theorem C (Theorem 5.1). Let g be a simple Lie algebra except for type Gs. We have

hi(u) = &§(u)&i(—u) (mod Yo [u™']), (1.4)
bi(u) = 3{z; (u), &i(—u)} + 27 (—u) (mod Ya,+q. [u~']), (1.5)
A(hi(w)) = hi(u) @ &i(u)éi(—u) (mod 'Y @ Yg, [u™']), (1.6)
Abi(u)) = bi(u) @ &(—u) + 1@ bi(u) (mod 'Y ® Yo, [u']).

Similar formulas to (1.4) and (1.6) for affine :quantum groups were conjectured in [WZ23] and are proved
in [Prz25, Corollary 9.16] for split type A and in [LP25, Theorem 8.1] for split type BCD. However, the
formula (1.5) seems to be new.

Our proof of Theorem C works uniformly for all types (assume Theorem B for type G2) using the explicit
formulas (1.1)—(1.2). We conveniently reduce the induction steps to verifying relations in generating series
form, see §5.3. We deduce (1.6) from (1.4), the coproduct estimates for &;(u), and properties of twisted
Yangians, following a similar idea used in [Prz25].

An important consequence of (1.4) is that it allows one to calculate the joint spectrum of h;(u) acting on
a Y-module (assume we know its g-character) regarded as a *Y-module via restriction, see Corollary 5.3.

Since the coefficients of h;(u) form a maximal commutative subalgebra of 'Y, one can define the "g-
character (or boundary g-character) for twisted Yangians, similarly to [Kni95] for Yangians and [FR99] for
quantum affine algebras. The formula (1.6) is a crucial property (cf. [Kni95, Lemma 1] and [FR99, Lemma
1]) to ensure *g-character map for twisted Yangians to be a Y-module homomorphism, see [LP25, §9.2] for
more detail.

1.6. Future directions. It would be interesting to prove Theorem B (then Theorem C would follow) for the
remaining type Go. The main difficulty is verifying the extra relation (3.4), which already seems to be highly
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nontrivial for the Yangian of sls (cf. [GRW19, Appendix]). We expect this case can be addressed again via
R-matrix presentation, similarly to types A; and By = Co.

Twisted Yangians of quasi-split type in Drinfeld presentation were introduced in [LLZ24] where an explicit
isomorphism between twisted Yangians in Drinfeld and R-matrix presentations was established for quasi-
split type A (a case of type Alll). Therefore, analogous Theorem B for quasi-split type A can be established
with similar calculation as done in Appendix A.l. Furthermore, one then obtains analogous Theorem C
for quasi-split type A. Thus, it is natural to expect that the results of this article can be generalized to the
quasi-split types.

One would expect our approach can be generalized to g-deformed case (affine :quantum groups) so
that Theorem C can be deduced uniformly for all split types and quasi-split ADE types. Comparing to
twisted Yangians, the isomorphism between Drinfeld-Jimbo [Kol14] and Drinfeld presentations were already
established in [LW21, Zha22,1.WZ24] and hence this difficulty in twisted Yangian case does not appear in
affine squantum group case.

In [FKPT18], a minimalistic presentation for shifted Yangians Y x similar to [Lev93] (with the extra
relation included) was used to define (shifted) coproduct homomorphism from Y, to Y,, ® Y,,, where
I 11, b2 are integral coweights such that p = 11 + o, generalizing the baby coproduct for shifted Yangian
of type A introduced in [BKO6]. Recently, a family of shifted twisted Yangians of quasi-split type ‘Y,
were introduced in [LWW25] (see also [TT24,LPT*25,SSX25]) to study the geometry of fixed point loci
of affine Grassmannian slices. One expects that shifted twisted Yangians also admit a similar minimalistic
presentation. In particular, such a minimalistic presentation could be used to prove that there exist various
shifted coproduct homomorphisms from *Y,, 1,7, t0 Y, ® Y, 4+, where 7 is an involution of g. In split
type A case, such a family of shifted coproduct homomorphisms (also called baby coproduct and introduced
in [LPT 25, §9] for dominant ;1 and v = 0) plays a fundamental role in connecting truncated shifted twisted
Yangians with finite JV-algebras of classical type [LPT™25]. The classical limit of such shifted coproducts is
expected to be related to the multiplication maps between affine Grassmannian slices and islices introduced
in [LWW25].

1.7. Organization. The paper is organized as follows. In the preliminary Section 2, we review Yangians
and twisted Yangians in J and Drinfeld presentations. Some basic properties of these algebras are recalled.
In Section 3, we study the minimalistic presentation for twisted Yangians by investigating the corresponding
results on the level of associated graded. In Section 4, we apply the minimalistic presentation to embed
twisted Yangians into Yangians and show that they are isomorphic to twisted Yangians in J presentations.
Finally, we express Drinfeld generators of twisted Yangians and their coproduct images in terms of that of
Yangians in Section 5. Appendix A is devoted to the special cases of types A; and By = Cy via twisted
Yangians in R-matrix presentation.

Acknowledgement. The author thanks J. Brundan, N. Guay, J.-R. Li, E. Mukhin, T. Przezdziecki, Y. Shen,
W. Wang, B. Webster and W. Zhang for helpful discussions and correspondences. The author is partially
supported by Weigiang Wang’s NSF grant DMS-2401351.

2. YANGIANS AND TWISTED YANGIANS

2.1. Lie algebras. Let g be a finite-dimensional simple Lie algebra associated with the Cartan matrix
C = (¢ij)ijer, where I = {1,2,--- ,n} is the set of vertices of the Dynkin diagram corresponding to g.

Fix an invariant inner product (-, -) on g and normalize the Chevalley generators xf, &; sothat (x;r, z;)=1
and §; = [x;”, z; ]. Let ® and & be the set of roots and the set of positive roots, respectively. Denote the
simple roots by «; for ¢ € 1. Let D = diag(dy,...,d,), where d; = %(ai, «;) for ¢ € 1. Then the matrix
A = DC(C'is symmetric.
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Denote the root space corresponding to a root 3 € ® by gg. For each v € @7, let rE € gi, be nonzero

root vectors normalized so that (z},z.) = 1 and :ci = arf We set z, = 0if a ¢ ® and

zr, ifaedT,
To =< % ]
x if —acdt.

We also set z£ = 0if o ¢ &+,
For a, f € ®, define the structure constant 7, g by the rule: 7,3 = 0if o + 3 ¢ ® and

[l'ou 13,8] = Na,BLa+

if « + 3 € ®. We can further rescale the root vectors such that 1, 3 = 17-35,_, for a, 3 € &7, see e.g.
[Hum?72, §25.2]. Therefore we have the following equalities, which we shall frequently use in §4.2,

No,p = —NMBa = N-B,—a = N—a,a+5> 2.1

for a, 3 € ®* such that a+ 3 € ®T. Here the last equality follows from the invariant property of the bilinear
form.

Let w be the Chevalley involution of g defined by
wig—g,  &— & i — -z, (i€l 2.2)

Denote by £ := g“ the w-fixed point Lie subalgebra of g and by p the eigenspace of w corresponding to the
eigenvalue —1. Then (g, £) forms a symmetric pair of split type.
Note that

&, €] C &, [&,p] C p, [b,p] C &, (2.3)
+
)

and w(zZ) = —aF for « € ®F. A basis for € is given by 1 — -, for « € & while a basis for p is given
by z} +x, and §; fora € @ and i € I. Set

b = a2t — Yo i = T8 + 1, (€ ®T). (2.4)

Denote by Ct, Cp, and C; the Casimir elements of €, p, and g, respectively. We have

Co=—3 Y (zf—a)% (2.5)

acdt

Denote by (2, {2y, and €2 the 2-tensor Casimir elements of €, p, and g, respectively. We have
Qg = Qe + Qp, [t®14+1®,Q4 =0, (2.6)
forx € g.
Lemma 2.1. For x € p, we have
2R1,Ql+[1z, %] =2z 1, Q%]+ [1®z,Q)]=0.
Proof. 1t follows from (2.6) that
tR1,Ql+[1z, %] =—[z01,Q%] - [1®z,Q].

Since x € p, it follows from (2.3) that the LHS belongs to £ ® p while the RHS belongs to p ® €. Therefore,
the statement follows. g

Remark 2.2. Clearly, Lemma 2.1 holds true for arbitrary involution w as it relies on (2.3) which is clearly
true for any involution w of g.
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2.2. Yangians. We recall definitions of Yangians, following [GNW18]. The Yangian Y associated to
arbitrary finite-dimensional simple Lie algebra g was first introduced by Drinfeld in the J presentation.

Definition 2.3 ([Dri85]). The Yangian Y := Y(g) is the unital associative algebra generated by elements x
and J(z) for = € g with the defining relations:

xy —yx =[x,y forallz,y € g, Jislinearinz € g, J([z,y]) = [z, J(y)],
[T (), T([y, 2)] + [ (2), T ([, uD)] + [T (), T ([2, x])]

= 3 (&l [y &) [ €01]) { 6o 0 &0

a,b,ceA
(17 @), T @) [z, T )] + [[7(z), T ()], [, T )] -7
= > (s &): [ly: o) [, wl, &)

a,b,ceA
+ (12 €l [[w, &), [l 91, €11) ) {60s 6, T (60) )

where {,}qca is an orthonormal basis of g, A being a fixed indexing set of size dim g, and {&,, &, &} =
i > e En(a)Sn(v)Sn(c)» O3 being the group of permutations of {a, b, c}.

The Yangian Y is a Hopf algebra with the coproduct determined by
Alz)=z®1+10z, AJ(2)=J=)®1+1cJ(x)+izo1,Q) (2.8)

Later, Drinfeld introduced a new presentation of Y, now known as the Drinfeld (new/current) presentation,
which is described below.
Given two elements z, y in an associative algebra A, set {z,y} := zy + yx.

Definition 2.4 ([Dri87a]). The Yangian Y is the unital associative algebra with generators a:fr,&,r for
it € I, » € N subject to the following defining relations:

&, &jis] = 0, (2.9)
[Ci0, ;) = £, )z, (2.10)
[ Lipr Ly ,s] = ]§ZT+57 (2.11)
Cirit, 2] = (G 2] = £ (0, 05){&r 25}, (2.12)
[[E;ljr+1,$;'lfs] - [ zra ]s+1] = %(OCZ,QJ {x”,xjis (2]3)
+ + + + S,
Z {ximg(l)’ [xima(z)’ o [xi,rg(m)’xj,s] " H =0 ifi#j, (2.14)
c€Gm
where m = 1 — ¢;;.
Set

i1 = &1 — 34, (2.15)

then by (2.10) and (2.12) we have
(S, 2,] = H(ai, 0)as, 4. (2.16)

The universal enveloping algebra U(g) is identified as a subalgebra of Y via the map &; — &; o, xzi — xlio
fori e IL.
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The isomorphism between this presentation and the one provided in Definition 2.4 is given by (see
[Dri87a, Theorem 1] and [GRW19, Theorem 2.16])

T~ xz‘i,()v & &i0s
J&) = & +vi, o= Y (e e agy — 567,
o+ 2.17)
J(@7) = an twi,  wi =k Y0 {laFag] ) - H{af 6
acdt
In terms of the Drinfeld presentation, the coproduct defined in (2.8) satisfies
AlG)=&21+10¢&, A =2F @1+ 10T, (2.18)
A1) =611 +1R&61+&Q& — Z (a,0p)z, @z, (2.19)
acdt
All) =zfi @1+l +Goaf — Y ag @2, 2f], (2.20)
acdt
Al;) =z, @1+10x, +a; &+ Y |7, 7,] @] (2.21)
acdt

The coproduct for Drinfeld generators of higher degrees has the following estimates.
Let Y=Y (resp. Y<) be the Borel subalgebra of Y generated by the elements &; ., a::T (resp ;) fori € I
and r € N. Let @) be the root lattice. Set

Q+ = { Z kicu;
icl

It is well known that Y is ()-graded by setting
deg&;r =0, deg a:i:,r = +q;.

ki e N,y ki > o}, Q= -0,
el

Fora € Q and S C (), denote
Yo i={w e Y |degw = a}, Ys :=span{w € Y | degw € S}.

In particular, Y¢_ is the subalgebra of Y spanned by homogeneous elements of degree in (). Similarly, one
can define these notations for the subalgebras Y=° and Y<°.
Set
&i(u) =1+ Z Eou" xzi(u) = Z xfru*’”*l. (2.22)
r=0 r=0

The following well-known statement can be found in [Kni95, Lemma 1] and [HZ24, Lemma 2.5].

Lemma 2.5. We have

A&i(u)) = &iu) ® &(u) (mod Y5 @ Y5 [u]),
Az () =2 (u) @ 1+ &(u) @z (u) (mod yé? ® gi?+Q+ [w=1]),
Az (v) =z, (u) @&(u) + 1@ z; (u) (mod yf%ﬁ@i ® gg(i [u=1]).

Define a filtration on Y by setting deg §; , = deg arfr = r and denote by gr Y the associated graded algebra
of Y. Let 5_1-’7«, i‘fr be the images for of §; ., :ciir in the r-th component of grY, respectively. Then it is well
known that there exists an algebra isomorphism

(=23

p:U(glz]) — gry,
&2" v &, aE e 7F (i e,r e N).

1,17

(2.23)
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The Yangian Y has an anti-involution ¥ given by

T:Y =Y, L& T a) (2.24)
Clearly, we have
T(J(E) = J&),  T(I()) = I (=) (2.25)
Moreover,
AoT=(T®T)o A, (2.26)

where A°P is the opposite coproduct.

2.3. Twisted Yangians. Now let us recall the twisted Yangians in J presentation from [Mac02, BR17] and
twisted Yangians of split types in Drinfeld presentation from [LWZ25b].

Twisted Yangians for arbitrary symmetric pairs were defined as coideal subalgebras of Y via J presentation
in [Mac02]. It has been further studied in [BR17] via homogeneous quantization, where an explicit set of
generators with defining relations similar to Definition 2.3 was obtained.

Definition 2.6 ([Mac02,BR17]). The twisted Yangian 'Y, in J presentation is the subalgebra of Yy generated
by all the elements

z, B<y) = J<y) - i[y7 CBL
where z € tand y € p.

Note that *Y, is a right coideal subalgebra of Y, i.e. A(*'Y,) C 'Y, ® Y. Indeed, it follows from Lemma 2.1
and (2.8) that
Alz)=201+1®u,
A(B(y)) = B(y) ©®1+1@ B(y) — [1 @y, .
Moreover, this definition works for arbitrary involution w (cf. Remark 2.2) and hence can be used to define
twisted Yangians associated to arbitrary symmetric pairs.

In [BR17, Theorem 5.5], the definition of twisted Yangian in J presentation is slightly different. Explicitly,
the twisted Yangian 'Yy is the subalgebra of Y generated by all the elements

v, By) =)+ ;ly, Cil,
where z € t and y € p. Namely, B(y) is replaced by B(y) (the plus is changed to minus). Consequently, the
twisted Yangian *Yy is a left coideal subalgebra of Y as
ABY) =By) ©1+10B(y) +[y©1,%] €Y "Yj.

The two different subalgebras 'Y, and 'Yy of the Yangian Y are related by the anti-involution ¥ defined in
(2.24), (*Y,) = 'Y. This can be easily seen from (2.25) and (2.26).

Recently, a Drinfeld presentation for twisted Yangians of split types was proposed in [LWZ25b]. Recall
that d; = 3 (o, o) fori € I.

Definition 2.7 ([LWZ25b, Definition 4.1]). The twisted Yangian *Y in Drinfeld presentation is the unital
associative algebra generated by h; 2,41, b; ., for ¢ € I and r € N, subject to the following relations (2.27)—
(2.29):

[y hjs] = 0, (2.27)
[hit15bjs] = [hig—1,bjs42] = (i, ) {Pig—1, 05,51} + (0, 5)*[hip—1,bjs], (2.28)
[bi 11, bjs) — [bir, bjst1] = 5 (v, @) {bir, bjs} — 2055(—1)hi prsp1, (2.29)
and the finite Serre type relations (2.30)—(2.33),
[bi0,bj0] =0 (cij = 0), (2.30)

ad(bi70)2(bj70) = —dibjp (Cij = —1), (2.31)
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ad(bi0)*(bj.0) = —4di[bi, bj o (cij = —2), (2.32)
ad(bi,0)4(bj70) = —IOdZ’ [b@(}, [bi’(), ij()H — Qd?bjjo (Cij = —3). (2.33)
where h; 1 =1, h;, =0ifrisevenorr < —1.

Note that we normalized the generators from [LWZ25b] so that the presentation is parallel to the Drinfeld
presentation of Y in Definition 2.4.

One of our main results (Theorem 4.1) is to show that 'Y is isomorphic to *Y, and hence a right coideal
subalgebra of Y, justifying *Y as a “twisted Yangian”.

We recall some properties of the twisted Yangians that will be used later.
Lemma 2.8. The twisted Yangian 'Y is generated by h; 1,b; o fori € L.
Proof. Indeed, from (2.28) by setting » = 0, we have
(i1, b0 = 2(ci, @j)bj i1, (2.34)

which implies all b;,. for j € I and r € N can be generated by h; 1, b; o for ¢ € I. Then it follows from (2.29)
that all h; 2,11 can also be generated by h; 1, b; o for ¢ € L. O

Lemma 2.9. The following relation holds in *Y,
[hi,la [bi.1, [hi,labi,l]ﬂ = (aiaaz’)2[b§1,hi,l]-
Proof. By (2.29), we have
[bi2, bi] — [bi1, big) = (ci, b7y + 2hi 3.
Therefore,
[bi1, bi2] = — 5 (cvi, )b} | — his. (2.35)
Now, we have

234
239 Q(ai, ai) [hi,b [bi,la bz‘,Q]]

2(0v, ) [hi1, — % (0u, )7 | — hig)
(cvi, i)?[b7 1, ha ] O

[, (b, i, bi]] |
(225)

227

Extend the involution w on g defined in (2.2) to an involution & on the current algebra g[z] by
W : glz] — g[z], zz" = w(z)(—2)",
for x € gand r € N. We call g[z]“ a twisted current algebra. The twisted current algebra g[2]® has a basis
given by
&2 (zf — (-1)"zy)2", (e € @, r € N).

« «

Define a filtration on *Y by setting deg h; 2,41 = 2r 4 1 and deg :L‘fr = r. Denote by gr'Y the associated

graded algebra of Y. Let fLi72T+1, Ei,r be the images of h; 2,11, b;, in the (27 + 1)-st and 7-th components
of gr*Y, respectively. Then it is known [LWZ25b, Corollary 4.13] that there exists an algebra isomorphism

0: Ulgls?) — 'y,
2&22r+1 — Ei,QT’-‘rla (a:j — (—1)’"3:»_)2:7" — Bz',r, (Z el,re N)

)

(2.36)
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3. A MINIMALISTIC PRESENTATION

3.1. A Minimalistic presentation for *Y. Our first main result is the minimalistic presentation of twisted
Yangian *Y in the spirit of [Lev93, GNW18§].

Theorem 3.1. If g is not of type Ay, Ba =2 Cy, or G, then the twisted Yangian Y is isomorphic to the unital
associative algebra generated by {h; 1,b; 0, b; 1}ic1, subject only to the relations:

[hi1,hja] =0, 3.1
[hi 1,050 = 2(v, )b, (3.2)
[bi,1,bj.0] — [bi,0, bj1] = 5 (v, o) {bi0, bjo} — 2055041, (3.3)

together with the finite Serre type relations (2.30)—(2.33). If g is of type A1, Ba = Co, or Go, then an
additional relation

[hi,ly [bi1, [hi,hbi,l]ﬂ = (ai, )2 [b7 1, hia] 3.4
should be included for any single i € 1.

The theorem will be proved in Section 3.4.

We remark that the additional relation (3.4) is analogous to [Lev93, (1.6)] for Yangians. Indeed, the
relation [Lev93, (1.6)] essentially corresponds to the relation [€; 1, &; 2] = 0 in the Yangian Y, which turns out
to be redundant except for the case g = sly, see [GNW18, §3]. Similarly, from the proof of Lemma 2.9, the
additional relation (3.4) is essentially the relation [h; 1, h; 3] = 0 (recall that h; 5 = 0) in the twisted Yangian
Y. We shall prove that the relation (3.4) can be dropped when there is a subdiagram of type Ao, see Lemma
3.9 below.

3.2. Classical picture. Instead of working directly on the Yangian as in [Lev93, GNW18], we exploit the
idea of proving [LWZ25b, Theorem 4.14] which greatly simplifies the problem to the level of associated
graded.

Proposition 3.2. If g is not of type A1, Ba = Co, or Go, then the algebra U(g[z]*) is isomorphic to the unital
associative algebra generated by the elements h; 1, b; o, b; 1 for i € I subject to only the relations:

[hi1,hj1] =0, (3.5)
(hi1,bjo] = 2(qi, a;)bja, (3.6)
[bi,1,bj0] = [bio, bj1] — 2d;h; 1, 3.7)
[bi0,bjo] =0 (cij =0), (3.8)
ad(b;0)*(bj0) = —d;bjo (cij = —1), (3.9)
ad(bi0)*(bjo) = —4d;[bi o, bj] (cij = —2), (3.10)
ad(b;0)*(bj0) = —10d; [bi 0, [bio, bjo]] — 9d7b; (cij = —3) (3.11)

If g is of type A1, Bo = Co, or Go, then an additional relation

[hz‘,l, [bi.1, [hi1, bi,l]]] =0 (3.12)
should be included for any single i € 1.

We prove Proposition 3.2 in Section 3.3.
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3.3. Proof of Proposition 3.2. We first recall the following lemma from [LWZ25b, Proposition 2.9].

Lemma 3.3. The algebra U(g[z]*) is isomorphic to the unital associative algebra generated by the elements
b;r and h; 2,1 for i € L and r € N subject to the relations:

(hi2r41,hj2611] =0, (3.13)
thi2ry1,bjs] = 2(%, a;)bjorystt, (3.14)

[birt1,bj,s] = [bir, gsﬂ] 8ij ((—1)" + (=1)%) hirpsti, (3.15)
[bi0, bj0] = (cij =0), (3.16)

ad(b;, ) (bj0) = —dibj (cij = —1), (3.17)
ad(bi0)*(bj0) = —4d;[bi o, bj ] (cij = —2), (3.18)
ad(b;0)*(bj0) = —10d; [bi 0, [bs0, bjo]] — 9d2bj g (cij = —3), (3.19)

where h; o, = 0 for r € N. Here the elements b; , and h; 2,1 are identified as follows,

2r+l )" (3.20)

higri1 F> 26251 b = (o — (=1)" )

)

We have the following simple observation.

Lemma 3.4. We have b; , 11 = 1 5 (i, 05)” Yhi1,biy] and hiori1 = [bio, biors1]. Inparticular, the algebra
U(g[2]“) is generated by b o, bz’l, and h; 1.

Proof. The first equality follows from (3.14). Let us consider the second one. Observe from (3.15) that
(biry1,bir] = [bir, birr1] = —=2(=1)"h; 2041
which implies further that
b1, bir] = (=1)" T hy 0.

Then again by (3.15) it is easy to see that

[birtst1sbires) = (1) ¥ h; 9,41 (3.21)
for0 <s<r. O

By (3.13)-(3.14) and (3.21), one easily finds that

[hi,la [bi,1, [hi,1, bi,l]ﬂ = 0. (3.22)

Let U be the algebra generated by b; o, b; 1, and h; 1 subject to the relations (3.5)—(3.11) and (3.12) when
g is of type A1, Bo = Co, or Ga. Then it follows from Lemma 3.3 and (3.22) that there exists an algebra
homomorphism

¢ U — U(g[2]”)

h; 1+ hi1, bi, > b, (r=0,1), (3-23)
which is surjective by Lemma 3.4.
Define
b1 = 5(ai, i) ' hi1, biy],  hiyyr = [bio, bjyi] (r>0). (3.24)
The relation (3.7) implies that
[bi0,bi1] =hi;. (3.25)

Hence (3.24) also holds true if » = 0. To prove v is an isomorphism, it suffices to prove that h; 5, = 0 and
(3.13)—(3.15) can be deduced from (3.5)—(3.11) and (3.12) when g is of type A1, Bs =2 Cy, or Go. This should
justify the existence of the inverse homomorphism of ¢). We establish this by following [Lev93, GNW18].
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Using an easy induction on r by applying [h; 1, -] to (3.6) recursively together with (3.5) and (3.24), we
have
(i, bjr] = 2(ci, j)bjria (3.26)
fori,j € Iandr € N.
Applying [h; 1, -] to (3.25), we obtain from (3.24) that
h7;72 = [bi,07bi,2] =0. (327)
Similarly, applying [h; 1, -] to [b; 0, b; 2] = 0, we find that

(3.24)

[bi.0,bi 3] + [bi1,bi2] =0 = [b;1,bi2] = —h;3. (3.28)

Lemma 3.5. Assume the relations (3.5)—(3.11), then the extra relation (3.12) is equivalent to [h; 1,h; 3] = 0.

Proof. It is immediate from (3.26) and (3.28). O
Lemma 3.6. If i # j, then the relation (3.15) holds,
[birt1,bjs] = [bir, bjsra] = 0. (3.29)

Proof. Let X(r,s) := [b; y41,bjs] — [bir, bjs+1]. We prove it by induction on r + s that X'(r, s) = 0.
The base case r = s = 0 follows from (3.7). Suppose now X (r, s) = 0. Applying [h; 1, -] to X(r,s) =0,
we find that

2(vi, 05) X (r +1,5) + 2(a, ) X (r,s + 1) = 0. (3.30)
Applying [h; 1, -] to X(r,s) = 0, we find that
2(cv, )X (r+1,5) + 2(aj,05) X (r,s +1) = 0. (3.31)
Since the coefficient matrix of the linear system (3.30)—(3.31) is invertible, it has only trivial solution. Hence
X(r+1,s)=X(r,s+1)=0. O
Lemma 3.7. Fori,j € land r € N such that i # j, we have
[h;3,bj,] = 2(as, aj)bjrys. (3.32)
Proof. Using (3.24), we have
by, b, (%28) [ b T]
[bmbjr i2] + [bi1, [big, by, ]
(%29)[ b;o,bj 1], 2]—1-[ i1, [Di0s ]r+2]
(27 [bi0, [bjr41,bi2]] + [bi1, i, bjri2]]
(%29)[ b, [bj,42,b ]—l—[ i1, [Di0s ]7"—}—2]
[bllab]T‘+2 i.0] + [bi,1, [bi0, bjr42]]
= [[bi1,biol, by, r+2}
"2 —hyy, bj,r+2] P2 20, 0)bj 15 O
Lemma 3.8. Let i, j € I be such that ¢;j = —1, then
[bio, [bio,bjs]] = —dibjs and [b;2,[bi2,bjo]] = —dibja. (3.33)

Proof. Set
X(r1,72;8) = [Diry, Pisrg: bjis]] + [Pisras [Pisry byis]]-
Note that X'(r1,r9; s) is symmetric with respect to 71, 7.
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We show that X(0,0;s) = —2d;bj s by induction on s, proving the first equality. Indeed, the induction
base comes from (3.9). For induction step, applying [h; 1, -] and [h; 1, -] to X(0,0;s) = —2d;b; ; and then
using (3.26), we have

4(0[1‘, ai)/'\f'(l, 0; S) -+ 2(0@, Oéj)X(O, 0;s+ 1) = *4(0[1', O[j)dibj75+1,
A, a5) X (1,05 8) + 2(0y, ) X(0, 055 + 1) = —4(yj, ) dibjs 1.
This system has a unique solution that X'(1,0;s) = 0 and X'(0,0;s + 1) = —2d;b; 41, completing the

induction. Thus we have [bi’(], [bi 0, bj,4ﬂ = —d;b; 4 and hence
(3.29)
[bi2, [bi2,bjol] = [biz2,[bio,bjal]
327 3.9
¢2D [bi0, [bi,2, bj2]] 42 [bi0, [bio, bja]] = —dibj 4. O
Lemma 3.9. If there exist 1, j € I such that c;; = cj; = —1, then we have
(h;1,h;3] =h; 4 = [b;0,b;j4] = [bs1,b;3] =0. (3.34)
Proof. First, observe that
3.8 3.26
[h; 1, h; 3] (2% [h; 1, [bs2,b;1]] G2 2(ay, o) [bi 3, b4 1], (3.35)
3.4 326
[h; 1, h; 3] 429 [h; 1, [bi0, bi3]] G20 2(ai, ;) ([bi,1,b4,3] + [biyo, bial).- (3.36)
Now applying [-, b; o] to the second equality in (3.33), we find that
[bi,Za b2, bj,()]ybj,o]] = —d;[bj4,bj0], (3.37)
which vanishes as [[bi,% b;ol, bj70} = —d;b; 2 by (3.33). Similarly, we have [b; 4, b; o] = 0. Now the claim
follows by comparing the RHS of (3.35)—(3.36). O

Remark 3.10. Note that we used c;; = —1 to get (3.33) and ¢j; = —1 to show (3.37) vanishes.
Lemma 3.11. Suppose [h; 1,h; 3] = 0 and (o, o) # 0, then
[hj1,h;3] =h;s=[bjo,bj] = [bj1,bj3] =0. (3.38)

Proof. We have

0 = [hy1,h;3] G29 [hi 1, [bi2,bi1]] = [[hi1,bi2], bia] + [bi2, [hi1, bii]]

326) (i, ;) (vi, ) (vi, )
(OZZ', Oé]) H 7,15 72] ,1:| (Oéi’ Oé]) [ 7,1 [ 2 ,1]] (Oéi, aj) [ 7,1 73]

Thus [h;1,h; 3] = 0. Applying |-, bj o] to it and then using (3.26) and (3.32), we obtain
(aj, aj)[bj1, i3] + (i, )by, by ] = 0.
Applying [b; o, -] to the above equation, a similar calculation using [h; 1, h; 3] = 0 shows that
—4(ai, o) (e, ) [bj1, bzl + (i, )by, hys] = 0.

Note that (3.35) implies that [h;1,h;3] = 2(a;,a;)[bj3,bj1]. Combining this with the above equation
implies [h; 1, h;3] = 0. The rest equalities then follow as in Lemma 3.9. O

If g is not of type A1, Ba = Cy, or Gg, then we can always find 4, j € I such that ¢;; = ¢j; = —1. Hence
there must exist ¢ € I so that (3.34) holds. If g is of type A1, Bo =2 Cy, or Ga, then we manually include the
extra relation (3.12) for a single ¢ € I which implies (3.34) by Lemma 3.5. Hence we always have the relation
(3.34) for at least a single ¢ € I in the algebra /. Then Lemma 3.11 implies further that (3.34) holds for all
1€l
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Lemma 3.12. If [h; 1, h; 3] = 0, then
[h;3,b; ] = 2(v, ;)b g3 (3.39)

Proof. Since [h;1,h;3] = 0, it suffices to prove it for the case » = 0 and the general case follows by
recursively applying [h; 1, - ]. Indeed, we have

3.8
[h; 3, b; 0] 429 [[bi,2,bi1], bio]
3.27 3.26 3.24
(427 [bi2, [bi1, biol] (29 [hi 1, b 2] G29 2(a, a;)b; 3. O
Now we prove by induction on ¢ that

[h;,, his] =0, h;o =0, (3.40)
[hir, bis] = 2(as, a;)bjrys, (3.41)
[bir bis] = (=1)"hi s, (3.42)

ifr+s < fand2p < /L.

We have already established these equalities for £ < 4. We shall proceed a case-by-case study depending
on the remainder of ¢ divided by 4.

If ¢ = 4] + 1 for! > 1, then there are no new relations from (3.40). By induction hypothesis we have

h; 4 = [bio,biw] = =[bi2-1,bi241] =0. (3.43)
Applying [h; 1, -] to the above equation, we have
0 = [bi,g, bja141] + [bi,1, bs 4]
= [bi1,bjw] + [bi2.bia—1] = - = [bia—1, biauta] + [bi2r, bi2t1]

Together with (3.24), it implies (3.42) for r + s = 4] + 1.

Observe that if [h;9,11,h;1] = 0, then [h;2,11,b;0] = 2(ay, ;)bj 2,41 implies [h; o, 41,b; ] =
2(av, @i)biarys for s € N by recursively applying [h;1,-]. Thus to show (3.41), it suffices to prove
[h; 4141, bio] = 2(v, a)bj 4141. This can be proved as follows,

3.42
[h; 4141, bi o] G2 [bi.0, [bi1, bl

(343) I (3.44)

(3.24) (3.26)
bio,bi1],bia] = [hi1,biu] =" 2(as, )b aria.

If £ = 41 + 2, then [h;;41,h; 1] = 0 by induction hypothesis and hence we have [h; 941,b;s] =
2(v, a;)b; 94541 forall s € N. Thus

(3.24)
0= [hy o1, hio11] = [hios1, 0o, bigi1]] = 2(qi, i) [bio, by o). (3.45)

Note that for 0 < r < 21 we have
1,0 441) = (=1)" [hi 1, [biyr, bay1—r]]
= 2(vi, ) (—1)"([bi,r, barro—r] + [bigs1, bary1—4])-
Thus
m[hi,l,hi,yﬂ] = [b;,0, bai+2] + [bi1, baiy1] = —[bi1, bay1] — [bi2, ba]
== —[b; 211, bays] — [biar, baga] = [bia, bayal.

Set X := m [h; 1, h; 4741], then it is easy to see from the equation above that

[bi,2l+1—r, b21+1+r] = (_1)7’—1—17.%.
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Now setting » = 2] + 1, we obtain from (3.45) that X = 0. In particular, we obtain (3.42) forr +s = 41 + 2,

and
(3.24)
h; 440 =0, (h;1,h; 441] = 0.

The relation (3.41) for r + s = 4l + 2 is clear by induction hypothesis, (3.44) and [h; 1, h;,| = 0 for all
1 < r < 4l+1. Actually, we also have [h; 4,41, b; 5] = 2(, @;)bj 414541 forall s € N. Finally, by rewriting
h; , as (—1)r—t [b;r—1,bj 1], the relation (3.40) for r + s = 41 + 2 follows from (3.42) for r + s = 41 + 2.
If £ = 41 + 3, then it is very similar to the case ¢ = 4] 4+ 1. Hence we omit the detail.
If{ =41+ 4,set X := ﬁ[hm, h; 4;43]. Asin the case ¢ = 4l + 2, one finds that

(o500
[bs 2142—r, bigi4o4r] = (—1)"rX. (3.46)
On one hand,
3.42)
[h; 2141, Dy 2143 G2 [h; 9141, [bi 2, bs 3]
(3.41)

2(cv, ) ([biai41, bi3] + [bior, bs 2144])

C29 9, ) (21 — 1)X 4 2%) = 2(u, ) (21 + )X,
On the other hand,
[h; 2141, hy 2143 02 [h; 2143, [bi,1, b5 21]]
2D 9, ;) ([bs 2144, b 21] + [bi1, biai43])
(3é6)

—2(052', 041')(2% + (2[ -+ 1)%) = —2(0@, Oéi)(Ql + 3)%.

Thus we conclude that X = 0. In particular, h; 4744 = [bj 0, b; 4;44] = 0. The rest is very similar to the case
¢ = 41 + 2. Therefore, we have proved (3.40)—(3.42).
Combining (3.40)—(3.42) and (3.29), it remains to prove (3.13) and (3.14) for i # j. If i # j, then we have

[h; 2 41,bj ] 422 [[bi2r, bin], bjs] = [[bi2r, bjs], bia] + [bi2r, [bi1, bjis]]

C2) [[bi0, bj2ris), bii] + [bi2r, [bio, bjst1]]

(3.40)
(3.42) [[b:0bji2rts], bia] + [bio, [bi2r, bjsra]]

G2 [[bi,0, bj2r+s]s bit] + [bi, [bi,1, bj2rts]]

= [[bio, bi1],bj2rss| = [hi1,bj2rrs] = 2(i, aj)bjoryst,
proving (3.14). Then applying [ -, b; o] to [h; 241, bj2541] = 2(ay, @j)bj 2r42542, We obtain
2(cv, aj)[bj2r+1, bjas+1] — i 2r41, j2s41] = 2(, o) [bj 242542, bjo)-

Note that by (3.40) and (3.42), we have [bjg,bjor2542] = [bj2r41,bj2s41] = 0. Together with the
equation above, we conclude that [h; 2,41, hj,25+1] = 0, completing the proof of (3.13).
Combining all the observations together, the proof of Proposition 3.2 is complete.

3.4. Proof of Theorem 3.1. Let "Y™" be the algebra generated by h; 1, b;0,b;1 for i € I subject to the
relations (3.1)—(3.3), the finite Serre type relations (2.30)—(2.33), and the extra relation (3.4) when g is of
type A1, Ba = Cy, or Gy. Then we have an algebra homomorphism

p zlymin N 'Llé
hi71 — hi71, biﬂn — biﬂn (Z el,Lr=0, 1).

Note that when the extra relation (3.4) is included, then it is also satisfied in *Y by Lemma 2.9. Moreover, 7
is surjective as 'Y is generated by h; 1, b; o for < € I by Lemma 2.8.
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Introduce a filtration on *Y™™ by setting deg hi1 = 1 and degb; , = r. Recall the filtration on *Y from
Section 2.3. Then 7 is clearly a filtered homomorphism. Taking the associated graded, we obtain a surjective
homomorphism gr 7 : gr *Y™i* — gry.

On the other hand, recall the algebra isomorphism o : U(g[2]*) = gr'Y from (2.36). By the presentation
of U(g[2]®) in Proposition 3.2, we also have a natural homomorphism U(g[2]) — gr Y™™, which matches
on generators (in different math fonts). By composition of o~! with this map, we obtain a homomorphism
gr'y — gr“émin; by (2.36), (3.20) and (3.23), this homomorphism is clearly the inverse to gr 7 as seen on
generators. Hence, we have proved that gr 7 : gr Y™™ — gr*Y is an isomorphism, and so is 7 : *Y™" — Y.

4. COIDEAL STRUCTURES

4.1. Embedding into Yangians. Our next main result is to identify the twisted Yangian *Y in Drinfeld
presentation with the twisted Yangian 'Y, in J presentation.

Theorem 4.1. Let g be a simple Lie algebra except for type Go. We have the following.
(1) The map ¢ : 'Y — Y defined by the rule

hig =261 — &0+ Y (a,ai)(ad)?, (4.1)
acdt
bio — z; — 7, 4.2)
bz',le;rl—Fx;l%—% Z {lz], 2], 22} — ${a], &} 4.3)
acdt

induces an injective algebra homomorphism from Y to Y.
(2) Identifying Y as a subalgebra of Y via ¢, then we have

Alhin) =hip@1+1@hi1+2 Y (a,a)(ad —2,) @), (4.4)
acdt
In particular, Y is a right coideal subalgebra of Y, i.e. A(*Y) C'Y® Y.

(3) The twisted Yangian Y in Drinfeld presentation is isomorphic to the twisted Yangian 'Y, in J
presentation.

The theorem will be proved in Sections 4.2-4.3 with the help of Theorem 3.1. For the case of type A1,
it will be treated differently in Appendix A.1 via the isomorphism between twisted Yangians in R-matrix
and Drinfeld presentations, established in [LWZ25a]. Similarly in Appendix A.2, the case of type By = Co
requires extra help from twisted Yangians in R-matrix presentation [GR16] to deal with the extra relation
(3.4).

Note that the formulas in (4.1) and (4.3) are surprisingly close to the identification formulas between
Yangians in J and Drinfeld presentations, see (2.17). In terms of .J presentation, the elements /; 1 corresponds
to

hia —2J (&) — 36, Cel + 3 Z (a, i) (zf — a)?. (4.5)
acdt
Recall B(¢;) from Definition 2.6, then this can also be written as
hix v 2B(&) + 5 D (o) (ba)’.
acdt

The coproduct for b; 1 can be explicitly computed using similar calculations in §4.2,
A1) =bia®1+1®bi —bz',0®fz'

= Y ((w.af) = o7 23) © a7 + (@ —23) © [, 71)-

acdt
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4.2. ¢ induces an algebra homomorphism. In this subsection, we prove that ¢ from Part (1) of The-
orem 4.1 induces an algebra homomorphism with the help of Theorem 3.1. We shall verify below that
©(hin), p(bio), p(bi) satisty the relations (3.1)—(3.3) (the relations (2.30)—(2.33) are straightforward and
well known) and hence ¢ induces an algebra homomorphism if g is not of type A1, Bo =2 Co, or Go, which
we denote again by .

For the case of type Ay, it is already known in [LWZ25a] that *Y is a subalgebra of Y as 'Y is isomorphic
to the (special) twisted Yangians of type Al in R-matrix presentation [O1s92, MNO96] which are known to be
coideal subalgebras of Yangians. Hence we only need to carefully identify the elements h; 1 and b; 1 in terms
of Drinfeld generators in Y. This is accomplished in Appendix A.1. For the case of type Bg Cg, we need
to verify the extra relation (3.4), this is done in Appendix A.2 via Gauss decomposition of twisted Yangians
in R-matrix presentation from [GR16].

In the next subsection, we show the algebra homomorphism ¢ is injective by passing to the associated
graded algebras. Finally, we prove Parts (2) and (3) with the help of Part (1).

4.2.1. The relation (3.2). We need to verify
[p(hia), 0(bj0)] = 2(ai, aj)e(bj). (4.6)
Applying (2.15), (4.1) and (4.2), the LHS of (4.6) is given by

2+ Y (e el -]

acdt
(2.16) _
- 2(051'705]')(1';:1 + xj,l) + Z (Oé,Oéﬁ({[EOH Lo X } {xou Lo L })
aedt
) _
= 2(a¢,ozj)($;f1 +a;y) + Z (o, i){zf, [z, :Uj]}
e\ oy}
- (ai’aj){fﬁx;r} - Z (a+aj7ai){xj§+ajv [x;r—i-aﬁx;]}
e\ {ay}
4.7 —
- 2(051704])('%;:1 +xj,1) - (az'?aj){gj’x;_} - Z (aj7ai){m;7[x;rax;_]}
acdt\{a;}
(4.3)

=" 2(ay, o) (bj1),

where we have used (2.11) and applied substitution o — « + a5 in (*) and the equalities

@1 _ @n -
xﬂx&ﬂx?] = [:U;t‘i’aj’xj ]x;t+aj? [Ig,l‘;—]$+ x;—+aj [xju_Jraj?xj ] (4'7)
Note that throughout this section, we assume that = = 0 if o ¢ &7
4.2.2. The relation (3.3). We need to verify
2
[£(bi0), (bi1)] = p(hia) = 3(i, @) (#(bio)) ", (4.8)
[p(bi1), ¢ (bj0)] — [@(bi0), 0(bj1)] = 5(ai, ;) {(bio), p(bj0)}, (i # ). (4.9)
We start with the following lemma.
Lemma 4.2. For i # j, we have
ot —a S Al et el =2 Y (e (4.10)
acedt acdt\{a;}

o a3 {lafwlwl} ]+ |of —ag Y (e adwl) @.11)

acdt acdt
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= {[=z7. &l o) )+ {7, &l o )+ {27 ], &) + {la] 2. &)

Proof. The LHS of (4.10) is equal to

2N (e et adl] 2} + {laf ad) laf a3}

ac®t\{a;}

+{l& 2] 2l = { (o o7, ad)] ad } — {2, 2], wz»w?;]})
= S ({l=F =fadl] oy = o ol 0] o7 280 )}
ac®t\{a;}
+{§Z’ a +}+{ Ty a z’ oc} {[ Ti a+a1]]?x;z_+ai}>
Y el }(”” Z <a,ai><x2;>2,
acd+\{a;} ac®t\{a;}

completing the proof of (4.10).
The LHS of (4.11) is equal to

> (({lattef ol + (i ot fef 1))

ac®+\{a;}
- ({lef lor il a} + {laf at) o a2} )
.

+

+ % (U lat ot ot} + (it ol e o]}

- ({lat oy il at} + {lat at) Loy a2} )
D (et o atllaty = {lohaboa, b oy oda)})

aedt\{oy,a;}

- ({lef o7 avall aiea} = et at) Lo i) )
0 (Ul adl)el) ) wdia ) ool ]}

acdt\{aj,a;}
- ({7 0] e () Letal}) )
#{lat &)} + a7 6ot + (o o) 65} + o] 716
Sl b {6l el (e el 6

In (%) we applied (2.11) and suitable substitutions for « in certain terms, and then arranged the terms properly
g

so that the terms in parenthesis eventually cancel.
We are ready to check the relation (4.8). By (4.2)—(4.3), the LHS of (4.8) is equal to
xz7mzl+$zl+22{ Ly s a’ a {mz’gl}]
acdt

C2D [t a4+ 260 — [y, o) — 3 {=f o &} — 3{6, &)

17
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+%{$;r’[$;’£z]}+%|:x:r_ 1’2{ z’ a :|
aedt
%(O‘zaaz)( ) +2§l1 (alaal)(xi)Q_}' (042,011)( ) 67,
+ o afal 2y} + 3o a7 Y (o) adl x|

acdt

2.10)
2.13)

((4%2(;) 281 — (O‘uaz) (bi,U)Q _612 + Z (a’ai)(w‘—i‘_y

acdt

“.1
= o(hin) — 2w, a)p(bip)?,

which is exactly the RHS of (4.8).
The verification of (4.9) is similar with the help of (2.13) and (4.11). We omit the detail.

4.2.3. The relation (3.1). Let us verify the more complicated relation (3.1), i.e.

[o(hia),(hj1)] = 0. (4.12)
For that purpose, let

b =1 Z (o, ai){zl, z
aedt

Then it follows from (2.15), (2.17), and (4.1) that
J&) =&n+0,  plhin) =2J(&) =20+ Y (o, ) (@)’

acedt
It is known from [GRW 19, Theorem 2.6] that

[J (&) — 0i, J(&5) — 05] = 0.
Thus the LHS of (4.12) is reduced to

22 (8, ;) }—22 (B, 05){ vz,xﬁ] 5}

ped+ BedT
23" (e, a){[J(&), ad], ek} +2 3 (0, 00){[05,27], 2 (4.13)
acdt acdt
+ 37 (a8 (@) ()7
a,Bedt

By [GNW 18, Proposition 3.21], we have
[J(&),xf] = (B, i) I (x5),  [J(&), 23] = (a, ;)T ().
Thus the two summations in (4.13) involving J(&;) or J(§;) cancel. Further notice

[0, 28] = [lhv&_i_ 3D (oo xa:vj;,xﬁ}

acdt
= 1nY(3, a;)ry + i Z (a, i) ([rg, aflad + ag [af, aF])
acdt

and a similar equality for [0;, z}], where h" is the dual Coxeter number. Therefore, the expression (4.13)
can be rewritten as

S (@) (Boy) (o5, edladed + ot leg, adleh + a3 loh, e lad + ooy led, ad))
a,Bedt
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- Z (o, ) (B, aj)([:c;,xg]afrmg + xg[a:;,xg]x;r + x;[mz,x;}r]mﬁ + xﬁ Sled, JJE])
a,Bedt
+ > ()8, a5) (2l ol afla + alaf ol af) + (o aflafal + ol ol af]ad).
a,Bedt
We need to show that all terms cancel.
Clearly, the terms for a = 3 cancel.
Next, we show that if the terms involving exactly one negative root vector cancel. Here we treat the

commutators as root vectors. There are two situations: x x' mgo or b x for any given

—

a0 ap+Po Bo aoxao-i-ﬂo
ap, By € T such that ag + 3p € ®T. We first consider the occurrence of = O. Then it appears
in the following 4 terms

(507 Oli)(ao + 1807 aj)[x;()'f'ﬁo’
= (607 Oéi)(ao + 607 N—ap— Bo,Bo aoxzo-f—ﬁoxgo’

Bl T
)

_(ao + /607 Oéi)(,BO, aj)[x(;()-f—ﬁ(ﬂ ].’E 0+BO$BO
)

Jr
R

Lag+8o J:BO

(a0+1807a7,)(ﬁ07aj T—00—po,B0L ag (—Xi_()‘i‘ﬁo Bo?

(Bo, i) (v, O‘j)xao [37;0 ) xﬁo] ﬁo = (Bo, ;) (0, O‘])naoﬂoxaoxl_g-&-ﬂo Bo’
_<a07ai)(ﬂovaj)xgo[mzoawﬁo] Bo — _(a07ai)(/B()’O‘j)naoﬁoxaoxzo-l—ﬁo Bo*

By (2.1), we have 14, 8, + 1—ao—8,,3, = 0 and hence these 4 terms cancel. A similar calculation also works

+
for the case xﬂ T 160

Finally, we consider the rest case when all monomials are products of positive root vectors. It suffices to
consider the products like x5 .%EO :U;L 1 5, for fixed ag, By € & such that ag + B9 € ®*. Then by a similar
calculation as above using (2.1), these products simplify as
Qp, al Boa Oé]) - (Oéo, O‘j)(ﬁ(]? al’))naoﬁo'xiox;ro—i-ﬁo Bo

/BOaaj)_(O‘O’O‘j)(ﬁ(]vai))nao,ﬁo g, ;r0+50 (—;to

/\/\

((
( g, ;)
+ (a0, ;) (Bo, @) Nay, 50( Tag ,80 ;ro—i-ﬁo + $;aro-l—,@’o”Tgox;to)
— (@0, i) (Bo, ) Nag, 8o (7 T g, T ahoxl Tootpe T xoao-l—ﬁo Tao® Eo>
= (@0, ;) (B0: @), B0 [Tag: [ Ty 1 )] — (@0, ) (Bos 1) Mag 60 [y T s T 1)
which is clearly zero as 2(ag + (o) ¢ P.

Now the verification of (4.13) is complete.

4.3. Proof of Theorem 4.1. For Part (1), we have verified that ¢ induces an algebra homomorphism in §4.2
(we also need Appendix A for types A; and By = Cy). Therefore, it remains to show the homomorphism ¢
is injective.

Recall the filtration on Y given by setting deg§; , = deg :Ufr = r and the algebra isomorphism p from
(2.23). Also recall the filtration on 'Y given by setting deg h; 2,41 = 2r + 1 and deg b; ,, = r and the algebra
isomorphism g from (2.36). Clearly, the homomorphism ¢ is a filtered algebra homomorphism and hence
induces the associated graded homomorphism

gro:gr'd —gry,
Biﬂ‘ = ('i':_r - (_l)r'fi_,r)a Bi,QT—‘rl — 252',27’—&-1-
Identifying gr 'Y with U(g[z]“) via (2.36) and gr Y with U(g[z]) via (2.23), then gr ¢ is the natural embedding
of U(g[2]*) into U(g|z]). Therefore, gr ¢ is injective, implying further that ¢ is injective.
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Then we prove Part (2). We identify *Y as a subalgebra of Y via ¢. The equation (4.4) follows from a
straightforward calculation using (2.18) and (2.19). Thus we have A(b; o) € "Y @ Y and A(h;1) € 'Y @ Y.
Since "Y is generated by h; 1 and b; o, we conclude that A(*Y) C *Y®Y. Hence 'Y is aright cmdeal subalgebra
of Y.

Finally, we prove Part (3). We identify grY with U(g[z]) via the isomorphism p from (2.23). In J
presentation, by (2.17) the images of « € g and J(x) are given by « and xz, respectively. Since 'Y, is
generated by b, =zl — x, and

B(&) =J(&) — L&, C),  Bya) = J(al +ay) — [zl + 2, Ce.

By (2.23), the images of b,, B(&;) and B(y,) in the associated graded of Y (considered as U(g[z])) are

zy, &z, () + x)z, respectively. Thus the image of *Y, in the associated graded is the subalgebra
U(g[z]*). Note that it known from above that the image of 'Y in the associated graded of Y is also the
subalgebra U(g[z]“). Thus, to prove that ‘Y = *Y,, it suffices to show that 'Y C *Y,. Since b; o € 'Y, and 'Y
is generated by b; o and h; 1, it reduces to show that h; 1 € 'Y;. Indeed,

2B(&) — 5 3 (0,0)(ba)” =2J(&) — 3[&, Cel + 5 D (i, o) (zf — 2)°

acdt acdt

26— +5 > (el oo} + 36 (0d - 20)?] + (@ ai)(ad - 20)?)

acdt

(210) _
252 _£z+2 Z Q, o ({xa,xa}—i—Q{x —|—.’L‘a, a_ a}+ xa)z)
acdt

= 21— &+ Z (o, i) (xd)? = hiy.

acdt

@ ,
2.17)

Now the proof of Theorem 4.1 is complete.

5. CoPropuUCT OF DRINFELD GENERATORS

5.1. Estimates of coproduct. From now on, we regard the twisted Yangian Y as a right coideal subalgebra
of the Yangian Y via the homomorphism ¢ defined by (4.1)-(4.3).
Our next main result is an estimate of the generators /; 2,1, b; » in terms of the elements &; ; and mjfs

Set
hz(u) =1+ Z hi’2T+1u—2T—2’ bz(u) = Z bi,ru_r_l

r=0 r=0

Theorem 5.1. Let g be a simple Lie algebra except for type Ga. We have

hi(u) = &i(u)&i(—u) (mod Y, [u™"]), (5.1)
bi(u) = g{a (u), &(—u)} + 27 (—u) (mod Y77, o [u™']), (5.2)
A(hi(u)) = hi(u) @ &(u)&i(—w) (mod 'Y ® Yg, [u™']), (5.3)
A(bi(u)) = bi(u) ® &(—u) + 1 @ bi(u) (mod Y @ Yo, [u]). (5.4)

The theorem will be proved in Section 5.3. For the case g = sls, we prove the stronger form (Conjecture
5.2) in Appendix A.1 (see Proposition A.1) via the isomorphism between twisted Yangians in R-matrix and
Drinfeld presentations [LWZ25a]. Theorem 5.1 is the twisted Yangian counterpart of [Prz25, Corollary 9.16]
for affine :quantum groups of split type A, and of [LP25, Theorem 8.1] for affine :quantum groups of split
types BCD.

A similar estimate of the form (5.1) was conjectured in [WZ23] for affine :quantum groups of split type A
in a stronger version.
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Conjecture 5.2 ((WZ23]). We have

hi(u) = &i(u)&i(—u) (mod Y5 [u~"]),

A(hi(u)) = hi(u) ® &i(u)&i(—u) (mod *Y ® Y5, [u™"]).
Proposition A.1 gives a positive answer to Conjecture 5.2 for the case g = slo. Note that our approach can
be generalized to the affine :quantum group of split type A; in a straightforward way using the isomorphism

between affine :quantum groups of split type A in R-matrix and Drinfeld presentations [Lu24]. Thus it gives
a simpler proof of [Prz25, Theorem 7.5].

5.2. Restriction modules. Let Py := (1 +u~2C[u2])" denote the subset of I-tuple of power series in u L.

We call an element in P,,,|,, an “£-weight. We write an "£-weight in the form A = (\;(u));e1, where
u) =1+ Z Nigr_1u”
>0

For a finite-dimensional “Y-module M and A € Py, the “£-weight space of "£-weight A is a subspace of M
defined by

My = {v e M |Vielandr > 0,3p > 0such that (h;2.—1 — Xj2r—1)’v = O}.

If My # 0, then we say A is an “£-weight of M.

The estimate (5.1) can be used to obtain the spectrum of h;(u) acting on a finite-dimensional Y-module
regarded as a *Y-module via restriction.

For a monic polynomial P(u) in u, denote

P~ (u) = (=1)%e P p(—y).

Note that P~ (u) is the monic polynomial whose roots are opposite to that of P(u).
The following is an immediate corollary of [Kni95, Theorem 1] and (5.1) as h;(u) and &;(u)&;(—u) share
the same eigenvalues.

Corollary 5.3. Let g be a simple Lie algebra except for type Go. Let V be a finite-dimensional Y-module
regarded as a *Y-module via restriction. Then an "€-weight X of V has the form

 Si(u+ 3d)E; (u— id;)
B T(u+ 3d;)’

Jori el

where =;(u) is a monic polynomial in u.

5.3. Proof of Theorem 5.1. We record some equalities that will be used in the proof,

[z, 27 (u)] = &i(u) — 1, (5.5)
[ 2 (w)] = §(ai, i) (z; (u))?, (5.6)
(i1, 25 (w)] = (0, a)) (uay (u) — z7), (5.7)
[i(u), 27 o) = 5 (i, i) {&i(w), 27 (u )}, (5.8)
[hi,1, bj(u)] = %m@ﬂ((@—%m, (5.9)
[bi.0, bi(w)] = hi(u) — 1 — §(ai, ;) (bi(u))*. (5.10)

The equalities (5.5), (5.7), and (5.9) follow from (2.11), (2.16), and (2.34), respectively. The equalities (5.6)
and (5.8) can be found in [GTL16, §2.4] while the equality (5.10) is obtained from [LWZ25b, Lemma 4.4].
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5.3.1.  We first establish (5.2) whose component-wise formula is given by
bip =2, — (D2, — 5 > (D {af_ .Gt (5.11)
o<s<r
Here = stands for modulo Y §?+Q+ [u~1]. We prove it by induction on r. The base cases r = 0, 1 are clear
from (4.2) and (4.3). By (5.9), the induction step is reduced to show

(i, 5{z (w), &i(—uw)} + 27 (—u)]
= 2(ai;, aq)u(5{a (u), &(—u)} + 27 (—u)) — 2(o, ai) (] — z7).

Indeed, by (2.15) and (4.1), the LHS of (5.12) is equal to

(5.12)

261+ D (@0 @) Hai (), &(—w)} + a7 (—u)]

acdt

wn

(5.7

= (o, ozﬁ({uxj(u) — x;“,fz(—u)} + 2(u:z;(—u) + x;) + {[x:rjx;(—u)],xj )
(0, 05 ({uxj(u) — ol &)} 4 2(uay (—u) + 7)) + {&(—u) — La) )
= 2(e, aq)u(g{z] (u), &(—u)} + 27 (—u)) — 2(qu, ) (2] —a7)

as required.

5.3.2.  Let us consider (5.4) whose proof is similar to that of (5.2) by transforming the induction step to a
relation via generating series,

[A(hin), Abi(u)] = 2(ai, aq) (wA(bi(u)) — A(bip))-

It reduces to prove

[hi,l ®1+1®hi1+2 Z (o, ) bo @ o bi(u) @ &(—u) +1® bl(u)]
acat (5.13)
= 2(v, ;) (u(bz-(u) ®&(—u) +1@bi(u) — (bip®@1+1® bi,0)>,

modulo 'Y ® “Yg, [u~'] (as also below).
We list all the terms from LHS of (5.13) as follows,
(5.9)
[hi1 @ 1,bi(u) ® &(—u)] =" 2(ay, ;) (ubi(u) — big) @ &(—u),

hig @ L1@b] =0,  [1® hi1bi(w) @ &(—uw)] 2 0,

1@ hir, 1@ bi(w)] " 2(a, i)l ® (ubs(u) — bio),

[ba @ 28, bi(u) @ &(—u)] =0,

5.2
bo @l lobiw)] 20,  ifa+a,

(5.2)

[bio @z, 1 ® bi(u)] 5 bio @ (&i(—u) —1).

Summing them up (with suitable multiples), we easily deduce (5.13).
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5.3.3. Then we prove (5.1). Recall that d; = %(ai, ;) and let = stand for modulo Yq, [u=']. By (5.10),
we have

hi(u) = [bi, bi(u)] + di(bs(u))® + 1

= [xj,:vz_(—u) i ) 1_
+d; (3{af (w)&(—u), = z( )}+2{§Z( u)xj(u),x;(—u)H x; (—u)?) +1
2 6(—u) + {60 — L&)+ o (), [6(-u), 27}
+di (3{z] (w)&i(—u), x; (—u)} + H{&(—w)z] (u), z; (—u)})
(

Fw)&i(—u), oy (—u)} + S{&(—u)xf (u), 2}
= &(wé(—u) — 3di[[zf (), 2y (—uw)], &i(—u)] E &(u)é(—u),

.11

( (

D & (w)i(—u) — Sdi{af (u), &(—w)ay (—u) + o7 (—u)&i(—u)}
( (—u)}
) )

completing the proof of (5.1).

5.3.4. Finally, we prove (5.3). We start with the following lemma. For ¢ € T, set

Qi’Jr = { Z k‘jaj }, (5.14)
jel
Qi = {ijaj ki <0, kj € Zforj € H}.
jel
Then
Y="4Yq. . ®Yq,_- (5.15)

Lemma 5.4. We have "y N'Yq, . = {0} foralli € 1.

Proof. Recall from §4.3 that the filtration on *Y coincides with the filtration induced from that on Y if we
regard 'Y as a subalgebra of Y. Also recall the isomorphism o from (2.36). It follows that if « is the
corresponding weight for a term in the top degree component of an element of 'Y, so is —« (cf. also
(5.1)—(5.2)). Therefore the lemma follows. [l

Now we are ready to prove (5.3). It follows from (5.1) that h;(u) = &(u)&;(—u) + 6(u), where 6(u) €
Yo, [u"]. Itfollows from Lemma 2.5 that A (&;(u)) = & (u)®&;(u)+Z (u) where Z(u) € Yo_®Yq, [u™'].

Therefore, we have

A(hi(u) = (&i(w) ® & (w)) (§i(—u) @ &i(—u) + Z(—u)) + A(0(u))
= &i(u)¢ (u)®& )&i(—u) + (5 ®§z ))Z(—u)
+ Z(u) (&i(—uw) @ &i(—w)) + Z(u ) A6(u))
= hi(u) @ &(u)i(—u) — 9(U)®£z( &i(—u) + (&i(u) ® &(u) Z(—u)

(—u) ® &i(—u)) + ) A0 (w)).
Denote O(u) = A(h;(u)) — hi(u) ® & (u)é&;(—u). Then
O(u) = AO(w)) — O(u) © & (u)&i(—u)
+ (&i(w) ® &(w) Z(—u) + Z(u) (&(—u) @ &(—u)) + Z(u)Z(~u).
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Since “Y is a right coideal subalgebra of Y, we have O (u) € *Y ® Y[u~']. Given any j € I, by (5.15) we can
write

O(u) = 0; 4+ (u) + 0, _(u), 0j+(u) €"Y®Yqg, . [[u_lﬂ.

Clearly, only A(0(u)) — 6(u) ® & (u)&;(—u) contributes to ©; _(u). Since 0(u) € Yo, [u~'], we conclude
that ©; _(u) € Yg,, ® Yo, _[u"']. Thus ©; _(u) € ("YNYg,,) ®Yq,_[u"']. It follows from Lemma
5.4 that ©; _(u) = 0. Therefore O(u) = ©; 4 (u) € 'Y ® Yq, , [u~']. Since j € I is arbitrary, we further
have ©(u) € 'Y ® Yo, [u~'], completing the proof of (5.3).

APPENDIX A. R-MATRIX PRESENTATION

A.1. Type A;. We prove Part (1) of Theorem 4.1 (Proposition A.2) and Theorem 5.1 (Proposition A.1)
for the rank 1 case g = sly. Our approach also works for the affine :quantum group case with the help
of the isomorphism between affine :quantum group of split type A in R-matrix and Drinfeld presentations
established in [Lu24]. This approach would greatly simplify the proof of [Prz25, Theorem 7.5] and gives a
stronger form.
We first recall Yangians and twisted Yangians in R-matrix presentation (we shall only use relations in
generating series form) from [MNO96, Mol07].
)

The Yangian Y5 corresponding to the Lie algebra gl, is a unital associative algebra with generators tl(; ,
where 1 < 4,5 < 2and r € Z~, and the defining relations

(u—v)[tij(w), th(v)] = tg;(w)ti(v) — tg;(v)ta(w). (A.1)
Here we have used the generating series in an indeterminate
tij(u) = d;; + t%)u_l + tz(?)u_2 + -
Introduce new generating series via Gauss decomposition,
ti1(u) = Di(u), taz(u) = Da(u) + F(u)D1(u)E(u),
t12(u) = D1(u)E(u), to1(u) = F(u)D1(u).

It has been established in [BKO5] that the Yangian Y(sl2) in Drinfeld presentation can be identified as a
subalgebra of Y via the following correspondence:

m?(u) = F(u— %), z] (u) = E(u — %), &1(u) = Dy(u— %)_1D2(u — %) (A.2)

The quantum determinant qdet 7'(u) of the Yangian Y is defined by the first equality which also satisfies
the second equality,

qdet T(u) = tn(u)tgg(u — 1) — tgl(u)tlg(u - 1) = D1 (U)D2 (’LL - 1) (A3)

Moreover, the coefficients of qdet T'(u) as a series in u ! are free generators of the center of Y.
The coproduct of Yy is given by

A(tij(u)) =t (u) ® t1j(u) + tiz(u) @ toj(u),  i,j=1,2.

This is compatible with the coproduct (2.18)—(2.21) in Drinfeld presentation under the identification (A.2).
In addition, the quantum determinant is a group-like element,

A(qdet T(u)) = qdet T'(u) ® qdet T'(u). (A4)
For 1 < 1,5 < 2, we introduce the generating series

sij(u) = 65 + SZ(;)u_l + sg)u_2 +-e (A.5)



MINIMAL PRESENTATION AND COIDEAL STRUCTURE OF TWISTED YANGIANS 27

The twisted Yangian Y corresponding to the Lie algebra o4 is the unital associative algebra with generators
(r)

Sij s where 1 < 4,5 < 2andr € Z~(, whose generating series (A.5) satisfy the following quaternary relation:
(w? = v?)[sij(u), s (v)] = (u + ) (sx;(u)sa(v) = spj(v)sa(w))
— (u—v)(sik(u)s51(v) = spi(v)si;(u)) (A.6)

+ sgi(w)sji(v) — ski(v)sji(u).
and the symmetry relations
sij(u) — sij(—u)

sﬂ(—u) = Sij5 (u) + (A7)

2u
Introduce new generating series via Gauss decomposition,
s11(u) = dy (u), s99(u) = do(u) + f(u)dy(u)e(u),
s12(u) = dy(u)e(u), so1(u) = f(u)dy(u).

It is shown in [LWZ25a, Lemma 4.1] that f(u — 1) = e(—u — % ). It has been established in [LWZ25a] that
the twisted Yangian “Y(sl2) in Drinfeld presentation can be identified as a subalgebra of Y via the following
correspondence:

bi(u) = f(u—1), hi(u) = di(u—2)'do(u—2). (A.8)
The twisted Yangian *Y5 can be identified as a subalgebra of Y5 via
Sij (u) — th’(—u)tlj (u) + tgi(—u)tgj(u). (A.9)

This is the version used in [LPT 25, §2.2], which is different from the one in [Mol07, LWZ25a], in order to
make it a right coideal subalgebra. Specifically, as a subalgebra of Y, we have

2

A(sig(u) = D sap(t) © tai(—u)ty; (u). (A.10)

a,b=1

The Sklyanin determinant sdet S(u) of the twisted Yangian "Yy is defined by the first equality which also
satisfies the second equality,

sdet S(u) = s11(—u)s22(u — 1) — s12(—u)si2(u — 1) = dy(u)da(u — 1). (A.11)
Moreover, sdet S (u + %) is an even series in u ! and its coefficients are free generators of the center of *Yg.
Considering "Y4 as a subalgebra of Y5 via (A.9), the Sklyanin determinant satisfies
sdet S(u) = qdet T'(u)qdet T'(—u + 1) (A.12)
and hence by (A.4) is a group-like element as well,
A(sdet S(u)) = sdet S(u) ® sdet S(u). (A.13)
Proposition A.1. Conjecture 5.2 holds for the case g = slo.

Proof. Let 43" be the subalgebra generated by the coefficients of Dy (u), Do (u), F(u) and I7° be the two-
sided ideal of Hio generated by coefficients of F'(u). The notion = below stands for modulo the ideal

Jio[[u_l]] in H%O[[u_l]].
Note that by (A.9), we have
dy(u) = s11(u) = t11(—u)ti1(u) + tor (—u)tor (u)
= D1(—u)D1(u) + F(—u)Di(—u)F(u)D1(u) = Di(—u)D;(u).
It follows that
di(u)™t = Dy(—u) 1Dy (u) L. (A.14)
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By (A.3), (A.11), and (A.12), we have
dy(u)dy(u—1) = Di(u)Da(u — 1) D1(—u + 1) Da(—w).
Combining it with (A.14), we find that
do(u) = Dy(—u — 1) Dy (—u)Dy(—u — 1) Dy(u). (A.15)
Thus by (A.14)—-(A.15), we have
() = dy (0= )" do(u — §)

(A.14) _ _
(A%S) Dl(—u — %) 1D1(’U, — %) 1D2(—u — %)Dg(u 7)

(a2

&1(w)éi(—uw),

completing the proof of the first equality of Conjecture 5.2.
Then we proceed to verify the coproduct formula. The operation = below stands for modulo the ideal
Y @ I20[u1] in Yz © Yz"[u~1]. By (A.10), we have
2

A(dy(w)) = A(s1(u) = D sap(1t) @ tar (—u)ter (u)

a,b=1
= sll(u) X tll(—u)tll(u) = dl(u) X Dl(—u)Dl (U)
It follows that
A(dy(w)™) = dy(u)™ @ Dy(—uw) 1Dy (u) 7t (A.16)
By (A.3)-(A.4) and (A.11)—(A.13), we have
A(dl (u)dg(u — 1)) = d1 (u)dg(u — 1) X Dl(u)Dg(u — 1)D1(—u + I)DQ(—U).

Combining it with (A.16), we obtain

A(dy(u)) = da(u) @ Di(—u — 1) 1Dy (—u)Do(—u — 1) Dy (u). (A.17)
Then a similar calculation as in the first part shows that A(hy(u)) = hy(u) ® & (u)&1(—u), completing the
proof of the second equality of Conjecture 5.2. U

Finally, we establish Part (1) of Theorem 4.1 for type A;. For that purpose, we need the coeflicients of
the generating series. For any series X(u) in u~! from Yg and Y5 in R-matrix presentation and their Gauss
decomposition, denote by X(") the coefficients of v " for r € N.

Since it is already known in [LWZ25a] that *Y C *Yg is an coideal subalgebra of Y, it suffices to match the
generators as in (4.1)-(4.2).

Proposition A.2. Under the identification described above, we have

bio=afy—x1  hip =281 &+ 2%
Proof. We have
A.8 A9 A2 _
o AP () _ (D AN 40) _ p) ) (=)1’1+,o — 27, (A.18)

proving the first equahty.
It follows from (A.2) that

o =Dy = DL (A19)
51’1 — D( ) D(z) (D§1)>2 4 %Dél) _ %Dgl) o Dgl)Dél) )
Using (A.9) and expressing ¢;;(u) and s;;(u) in terms of Gaussian generators, we have

s =dV =0, s& =dP =20P — (DV)2 - (FM)2, (A.20)
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Similarly, we have
= =0
@) = dP) 4 fO0 = (W2 4 9p® _ (pV)? 12 EO),
Note that by (A.7), we have el = 5512) = —sgll) =—f (M), 1t follows from (A.18) and the above equation that
d?) = 2D — (D)2 — [EM, O] 4 (F1)2, (A21)
Because dgl) = dgl) = 0, we find from (A.8) that
iy = dy) —d?

A20
(A.20) 9
(A21)

(A.22)
DY — (D) — 2D + (D)2 4 2(F M) — (B, F).

Recall the following obvious equalities [E(D), F(1)] = Dgl) — Dgl) and [DP, Dgl)] = 0 from (A.1) (or
[BKO5]). Combining (A.19) and (A.22), we obtain the second equality. [l

A.2. Type C,. In this section, we establish Part (1) of Theorem 4.1 for type Cs using the minimalistic
presentation from Theorem 3.1 (with the extra relation (3.4)). Since all other relations have been verified in
§4.2, it suffices to verify the extra relation (3.4) for ¢ = 1.

Our strategy is as follows. We first construct elements /11 2,11, b1, for 7 € N from the twisted Yangian in
R-matrix presentation [GR16] and then prove that these elements satisfying the relations (2.27)—(2.29) (with
¢ = j = 1). Finally, we show by a similar calculation as in §A.1 that as elements in Y, k1 1 and by o are given
by the RHS of (4.1)-(4.2), respectively. Then the extra relation (3.4) is satisfied due to the same computation
in Lemma 2.9.

We only sketch the proof for the first step. Note that we only treat with the first node and hence we do not
need to do rank reduction or a full study of Gauss decomposition.

Recall the R-matrix presentation of type Cly (split type Co) from [GR16], and we adopt the same notation
as therein. As in [LWZ25a,1.7Z24], we need to carefully pick a matrix G. The choice in [GR16] is given by

-1 0 0 0

0 -1 0 O

g= 0 0 1 0

0 0 0 1

Our choice of the matrix G’ for Gauss decomposition is

00 0 1 7 1 0 0 1
It 1001 0 _72 0 1 10
g_AgA_()lOO’ A_2 0O -1 1 0
1 0 00 -1 0 0 1

Note that ¢ stands for the modified transpose. By [GR16, Remark 3.2], these two choices of the matrix G
give rise to isomorphic twisted Yangians.

Let t;;(u) (resp. s;j(u)) for i,j = —2,—1,1,2 be the generating series of R-matrix presentation of
Yangian (resp. twisted Yangians) of type Co (resp. Clo), see e.g. [GR16, §2—-§4]. Again as in type A, we use
S(u) = T*(—u)G'T (u). Then with the choice of matrix G’, we have

2
sij(u+36) = Y sign(a)sign(i)t—a,i(—w)t_q;(u).
a=—2
Then we introduce a new matrix £(u) = (l;;(u)), where l;;(u) = s_; j(u+ k) for i,j = —2,-1,1,2
(following similar strategy in [LZ24] for quasi-split type A). Then it follows from [GR16, (4.4)—(4.5)] that
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for ¢,j < 0, l;;(u) satisfy the relations (A.6)—(A.7) (as all these §’s in [GR16, (4.4)] vanish). Hence the
submatrix £~ (u) = (l;j(u)); j=—2,—1 is the S-matrix for twisted Yangian of type Al (rank 1). Define the
generating series hi(u), by (u) via the Gauss decomposition as in [LWZ25a] (see also Appendix A.1) we find
that the coefficients h1 2,41, b1, for r € N satisfy the relations (2.27)—(2.29) (with ¢ = j = 1).

The precise relations between () and & (w), 27 (u) are described in [JLM18] which are very similar
to type A in Appendix A.l. The rest calculation is very similar to that in Appendix A.1. Hence we do not
repeat.
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