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Abstract
We define a glN-stratification of the Grassmannian of N planes Gr(N, d). The glN-stratification con-

sists of strata ΩΛ labeled by unordered sets Λ = (λ(1), . . . , λ(n)) of nonzero partitions with at most N parts,
satisfying a condition depending on d, and such that (⊗ni=1Vλ(i))

slN 6= 0. Here Vλ(i) is the irreducible glN-
module with highest weight λ(i). We show that the closure of a stratum ΩΛ is the union of the strata ΩΞ,
Ξ = (ξ(1), . . . , ξ(m)), such that there is a partition {I1, . . . , Im} of {1, 2, . . . , n}with HomglN (Vξ(i),⊗j∈IiVλ(j)

)
6= 0

for i = 1, . . . ,m.
We introduce and study the new object: the self-dual Grassmannian sGr(N, d) ⊂ Gr(N, d). Our main

result is a similar gN-stratification of the self-dual Grassmannian governed by representation theory of
the Lie algebra g2r+1 := sp2r if N = 2r + 1 and of the Lie algebra g2r := so2r+1 if N = 2r.

The stratifications are motivated by the Gaudin models associated with the corresponding Lie alge-
bras. The proofs of main theorems are also based on the bijective correspondence between the common
eigenvector of Bethe algebra (Gaudin algebra) and spaces of polynomials.

Schubert cells

Let Cd[x] be the space of polynomials in x with complex coefficients of degree
less than d. We have dimCd[x] = d. Let Gr(N, d) be the Grassmannian of all
N -dimensional subspaces in Cd[x].

The Schubert cell decomposition and the closure of a Schubert cell associated
to a complete flag F are given by

Gr(N, d) =
⊔

λ, λ16d−N
Ωλ(F), Ωλ(F) =

⊔
λ⊆µ,

µ16d−N

Ωµ(F).

Let F(∞) be the complete flag given by F(∞) = {0 ⊂ C1[x] ⊂ C2[x] ⊂ · · · ⊂
Cd[x]}. For z ∈ C, consider the complete flag F(z) = {0 ⊂ (x − z)d−1C1[x] ⊂
(x− z)d−2C2[x] ⊂ · · · ⊂ Cd[x]}.

Let Λ = (λ(1), . . . , λ(n)) be a sequence of partitions with at most N parts (glN-
weights) and let z = (z1, . . . , zn) ∈ (P1)×n such that zi 6= zj if i 6= j.

Assuming
∑n

s=1 |λ(s)| = N(d−N), denote by ΩΛ,z the intersection of the Schu-
bert cells:

ΩΛ,z =
n⋂
s=1

Ωλ(s)(F(zs)).

Note that due to our assumption, ΩΛ,z is a finite subset of Gr(N, d). Note also
that ΩΛ,z is non-empty if and only if (⊗ni=1Vλ(i))

slN 6= 0.

The glN-stratification of Gr(N, d)

Define a partial order > on the set of sequences of partitions with at most N
parts as follows. Let Λ = (λ(1), . . . , λ(n)), Ξ = (ξ(1), . . . , ξ(m)) be two sequences
of partitions with at most N parts. We say that Λ > Ξ if there exists a partition
{I1, . . . , Im} of the set {1, 2, . . . , n} such that

HomglN(Vξ(i),
⊗
j∈Ii

Vλ(j)
)
6= 0, i = 1, . . . ,m.

We say that Λ = (λ(1), . . . , λ(n)) is d-nontrivial if (⊗ni=1Vλ(i))
slN 6= 0 and |λ(s)| > 0,

s = 1, . . . , n, and |Λ| = N(d−N).
Define ΩΛ by the formula

ΩΛ :=
⋃
z∈P̊n

ΩΛ,z ⊂ Gr(N, d).

Theorem 1

We have
Gr(N, d) =

⊔
d-nontrivial Λ

ΩΛ.

For d-nontrivial Λ, we have

ΩΛ =
⊔

Ξ6Λ,
d-nontrivial Ξ

ΩΞ.

The theorem implies that the subsets ΩΛ with d-nontrivial Λ give a stratifica-
tion of Gr(N, d). We call it the glN-stratification of Gr(N, d).
Example. We give an example of the gl2-stratification for Gr(2, 4) in the follow-
ing picture.

((1,0), (1,0), (1,0), (1,0))

((2,0), (1,0), (1,0)) ((1,1), (1,0), (1,0))

((2,1), (1,0))((2,0), (2,0)) ((1,1), (1,1))((3, 0), (1, 0)) ((2, 0), (1, 1))

((3, 1)) ((2,2))((4, 0))
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Self-dual Grassmannian sGr(N, d)

Let X ∈ Gr(N, d). Define X∨ be the N -dimensional space of polynomials by
the formula:

X∨ = {det
(
difj/dx

i
)N−1

i,j=1
, fj(x) ∈ X}.

We call X self-dual if X∨ = g ·X for some polynomial g(x). Define the self-dual
Grassmannian sGr(N, d) as the subset of Gr(N, d) of all self-dual spaces.

Denote by sΩΛ,z the set of all self-dual spaces in ΩΛ,z and by sΩΛ the set of all
self-dual spaces in ΩΛ:

sΩΛ,z = ΩΛ,z

⋂
sGr(N, d) and sΩΛ = ΩΛ

⋂
sGr(N, d).

Set g2r+1 = sp2r and g2r = so2r+1. Let µ be a dominant integral gN-weight and
k ∈ Z>0. Define a partition µA,k with at most N parts by the rule: (µA,k)N = k
and

(µA,k)i − (µA,k)i+1 =

{
〈µ, α̌i〉, if 1 6 i 6

[
N
2

]
,

〈µ, α̌N−i〉, if
[
N
2

]
< i 6 N − 1.

We call µA,k the partition associated with weight µ and integer k.
Let Λ = (λ(1), . . . , λ(n)) be a sequence of dominant integral gN-weights and

let k = (k1, . . . , kn) be an n-tuple of nonnegative integers. Then denote
ΛA,k = (λ

(1)
A,k1

, . . . , λ
(n)
A,kn

) the sequence of partitions associated with λ(s) and ks,
s = 1, . . . , n. We write sΩΛ,k for sΩΛA,k

and sΩΛ,k,z for sΩΛA,k,z.

The gN-stratification of sGr(N, d)

Define a partial order > on the set of pairs {(Λ,k)} as follows. Let Λ =
(λ(1), . . . , λ(n)), Ξ = (ξ(1), . . . , ξ(m)) be two sequences of dominant integral gN-
weights. Let k = (k1, . . . , kn), l = (l1, . . . , lm) be two tuples of nonnegative
integers. We say that (Λ,k) > (Ξ, l) if there exists a partition {I1, . . . , Im} of
{1, 2, . . . , n} such that

HomgN(Vξ(i),
⊗
j∈Ii

Vλ(j)) 6= 0, |ξ(i)
A,li
| =

∑
j∈Ii

|λ(j)
A,kj
|, i = 1, . . . ,m.

We say that (Λ,k) is d-nontrivial if and only if (⊗ni=1Vλ(i))
gN 6= 0, |λ(s)

A,ks
| > 0,

s = 1, . . . , n, and |ΛA,k| = N(d−N).

Theorem 2

We have
sGr(N, d) =

⊔
d-nontrivial (Λ,k)

sΩΛ,k.

For d-nontrivial (Λ,k), we have

sΩΛ,k =
⊔

(Ξ,l)6(Λ,k),
d-nontrivial (Ξ,l)

sΩΞ,l.

The theorem implies that the subsets sΩΛ,k with d-nontrivial (Λ,k) give a
stratification of sGr(N, d), similar to the glN-stratification of Gr(N, d). We call it
the gN-stratification of sGr(N, d).
Example. The following picture gives an example for so5-stratification of
sGr(4, 6).

((0, 1), (0, 1), (0, 1), (0, 1))

((0, 2), (0, 1), (0, 1)) ((1, 0), (0, 1), (0, 1)) ((0, 0)1, (0, 1), (0, 1))

((0, 0)1, (0, 0)1)((1, 0), (1, 0))((0, 2), (0, 2)) ((0, 1)1, (0, 1))

((0, 0)2)
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