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Abstract
We define a gly-stratification of the Grassmannian of N planes Gr(N,d). The gly-stratification con-

sists of strata (2 labeled by unordered sets A = (A1), .. A1) of nonzero partitions with at most N parts,
satisfying a condition dependmg on d, and such that (®7_ ,V,»)*¥ # 0. Here V,; is the irreducible gl -
module with h1ghest weight A\, We show that the closure of a stratum ), is the union of the strata (g,
==(&W, ..., ¢m)), such that there is a partition {1y, . . ., I} of {1,2,..., n}t with Homg, (Vi), ®jerVyi ) #0
fori=1,..., m.

We introduce and study the new object: the self-dual Grassmannian sGr(N, d) C Gr(N,d). Our main
result is a similar gy-stratification of the self-dual Grassmannian governed by representation theory of
the Lie algebra go,+1 1= sp,, if N = 2r + 1 and of the Lie algebra go, := s09,41 if N = 2r.

The stratifications are motivated by the Gaudin models associated with the corresponding Lie alge-
bras. The proofs of main theorems are also based on the bijective correspondence between the common
eigenvector of Bethe algebra (Gaudin algebra) and spaces of polynomials.

Schubert cells

Let C;|z| be the space of polynomials in x with complex coefficients of degree
less than d. We have dim Cy|z] = d. Let Gr(/NV, d) be the Grassmannian of all
N-dimensional subspaces in C;|x|.

The Schubert cell decomposition and the closure of a Schubert cell associated
to a complete flag F are given by

Gr(N,d)= | | (F), UF) = || Q).
A, Mi<d—N AC 1,
p<d—N

Let F(o0) be the complete flag given by F(oco) = {0 C Cy|z] C Colz] C --- C
Cy[z]}. For 2z € C, consider the complete flag F(z) = {0 C (z — 2)"'Cy[x] C
(2 — 2)T2Cylz] C - -+ C Cylx]}.

Let A= (\Y, ..., X" bea sequence of partitions with at most /V parts (gl -
weights) and let z = (zq, ..., 2,) € (P')*" such that z; # z; if i # J.

Assuming " |\¥)| = N(d — N), denote by ), . the intersection of the Schu-

bert cells: .
= m Q)\(s)(F <
s=1

Note that due to our assumption, {24 . is a finite subset of Gr(/V, d). Note also
that Q4 , is non-empty if and only if (®!_,V\u)*'¥ # 0.

The gl,-stratification of Gr(N, d)

Define a partial order > on the set of sequences of partitions with at most N

parts as follows. Let A = (A, ... \"), 2 = (¢ ... ¢") be two sequences
of partitions with at most NV parts. We say that A > = if there exists a partition
{L,...,I,} of theset {1,2,... ,n} such that

Homg[N‘/g ®VA %0, +=1,...,m.

Jjel;

We say that A = (AW, ... A} is d-nontrivial if (@7, Vy)*™ # 0 and |A¥)| > 0,
s=1,...,n,and |A| = N(d — N).
Define {2 by the formula

O = | Qaz C Gr(NV,d).

z€P,

.[ Theorem 1 }
We have

Gr(N,d) =

|| Qa

d-nontrivial A

For d-nontrivial A, we have

Qp = Qz.

Z<A,

[1]

d-nontrivial =

The theorem implies that the subsets {25 with d-nontrivial A give a stratifica-
tion of Gr(N, d). We call it the gl -stratification of Gr(N, d).
Example. We give an example of the gl,-stratification for Gr(2, 4) in the follow-

Ing picture.
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Self-dual Grassmannian sGr(/NV, d)

Let X € Gr(N,d). Define X" be the N-dimensional space of polynomials by

the formula:
= {det (d@f]/daz) i file) € X}

We call X self-dual if XV = g - X for some polynomial g(x). Define the self-dual

Grassmannian sGr(N, d) as the subset of Gr(/V, d) of all self-dual spaces.
Denote by s{14 , the set of all self-dual spaces in {25 , and by s{24 the set of all
self-dual spaces in §24:

sOpz = Qaz[ sGr(N,d) and Q= Q[ |sGr(N, d).

Set go,+1 = 5Py, and go, = s09,.11. Let p be a dominant integral gy-weight and
k € Zxy. Define a partition 4 ; with at most N parts by the rule: (pax)y = £
and

(MA,]C)Z (luA,k)Z—l—l — {<,U, 64N—@'>, if [%} < < N —1
We call 114, the partition associated with weight 1w and integer k.

Let A = (AY, ..., \")) be a sequence of dominant integral gy-weights and
let kK = (ki,...,k,) be an n-tuple of nonnegative integers. Then denote

Ay = ()\E4>k )\312),.C ) the sequence of partitions associated with A5 and k.,
s=1,...,n. Wewnte sQAkforsQAAkand SOA k2 fOr sQip ,, -

The gy-stratification of sGr(N, d)

Define a partial order > / on the set of pairs {(A, k)} as follows. Let A =
A ), B = (W) €M) be two sequences of dominant integral g -
weights. Let k = (ky,... kn), l = (ly,...,l,) be two tuples of nonnegative
integers. We say that (A, k) > (E,1) if there exists a partition {/y,...,I,,} of

{1,2,...,n} such that
Homyg, (Vei, (X) Vaw) # 0. =S i=1.m

jE[Z' jEIZ'

We say that (A, k) is d-nontrivial if and only if (®F ,Vyu)9 # 0, \)\(8? | >0,

s=1,...,n,and |[A x| = N(d — N).

—{ Theorem 2 |
We have

SGI’(N, d) = u SQA,k.
d-nontrivial (A,k)

For d-nontrivial (A, k), we have

(B D<(Ak),
d-nontrivial (E,1)

The theorem implies that the subsets s{2j  with d-nontrivial (A, k) give a
stratification of sGr(N, d), similar to the gly-stratification of Gr(/N, d). We call it
the gy-stratification of sGr(N, d).

Example. The following picture gives an example for sos-stratification of
sGr(4,6).
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